Quantum chaotic kicked top model is implemented experimentally in a two qubit system comprising of a pair of spin-1/2 nuclei using Nuclear Magnetic Resonance techniques. The essential nonlinear interaction was realized using indirect spin-spin coupling, while the linear kicks were realized using RF pulses. After a variable number of kicks, quantum state tomography was employed to reconstruct the single-qubit density matrices using which we could extract various measures such as von Neumann entropies, Husimi distributions, and Lyapunov exponents. These measures enabled the study of correspondence with classical phase space as well as to probe distinct features of quantum chaos, such as symmetries and temporal periodicity in the two-qubit kicked top.
I. INTRODUCTION
Classical chaos is an extensively studied field in physics theoretically and experimentally. Classically chaotic systems are deterministic systems which show sensitivity to initial conditions, rendering the long-time predictions uncertain [1] . Chaos has far-reaching applications not just in physics, but in many diverse fields like biology, chemistry, engineering, etc. [1] [2] [3] .
The correspondence principle states that classical mechanics is a limiting case of quantum mechanics, in which case, there must be some signatures of chaos in the quantum regime. A direct extension of chaos to quantum mechanics is however not straightforward since (i) quantum dynamics is governed by the Schrödinger equation, which is linear and preserves the overlap of states, and (ii) we can not define trajectories for quantum systems due to the constraint imposed by the uncertainty principle in precisely locating a point in the phase space of the system. A major focus of the field of quantum chaos is to understand the correspondence between quantum and classical evolutions in chaotic systems, and it has been a subject of theoretical as well as experimental interest [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] .
Study of quantum chaos is not only important from the perspective of understanding fundamental physics, but also for applications in building operable quantum computers since it was shown that the presence of quantum chaos in a system can affect the functionality of a quantum computer [15] . Since classical measures of chaos cannot be extended to the quantum domain, quantum chaos has to be quantified using inherent quantum mechanical properties. Signatures of quantum chaos have been studied using various quantities like entanglement [16] [17] [18] [19] [20] , Lyapunov exponents and Husimi probability distributions [21] , the dynamics of quantum discord [22] , level statistics of chaotic Hamiltonians [23, 24] , the dynamics of open quantum systems undergoing continuous * mahesh.ts@iiserpune.ac.in quantum measurement [25] , etc. The kicked top model is a classic example for studying chaos. It shows regular to chaotic behavior as a function of a parameter, has been studied theoretically [16-19, 23, 26-29] , and has been realized experimentally in various systems like laser-cooled cesium atoms [8] and superconducting circuits [11] . Recently, the kicked top consisting of just two qubits, which is in a deep quantum regime, has also been studied theoretically in detail [18, 30] . For two qubits the model is exactly solvable and the same is shown to hold valid for three and four qubits as well [28] . In this work, we investigate quantum chaos in a two-qubit system formed by a pair of spin-1/2 nuclei using Nuclear Magnetic Resonance (NMR) techniques. NMR has been a successful testbed to understand quantum correlations and implement various quantum information processing tasks [31, 32] . NMR offers advantages in terms of long coherence times, precise controllability of quantum dynamics, and efficient measurement of output states. We study quantum kicked top (QKT) using spin-spin interaction between two nuclear spins as the nonlinear evolution and intermittent RF pulses as linear kicks. After a variable number of kicks, we characterize the final state via quantum state tomography (QST). Signatures of the corresponding classical phase space are found in the time averaged von Neumann entropy. Further analysis using Lyapunov exponents and Husimi probability distributions also reveal good classical-quantum correspondence.
The paper is organized as follows. Sec. II introduces the theory of kicked top model. The NMR implementation, results of the experiments, and their analysis along with numerical simulations are presented in Sec. III and final conclusions are given in Sec. IV.
II. QUANTUM KICKED TOP
We now describe using a pair of qubits to simulate a QKT [8, 23] τ ∆ (see Fig. 1 )
and,
Here, J = [J x , J y , J z ] is the total angular momentum vector and [nτ − ∆ 2 , nτ + ∆ 2 ] describes the time lapse of the nth kick. The value of has been set to 1. The nonlinear term describes a torsion about the z axis wherein k is the chaoticity parameter. Here, j is the total spin-quantum number. The advantage of this model is that, for a given j it corresponds to 2j number of qubits and thus various quantum correlations can be studied [22] . In the case of two-qubits considered here, j = 1. Further, we set p∆ = π/2 for simplification of the quantum and classical maps [19, 33] . The time evolution is governed by the Floquet unitaries
The overall unitary U QKT is applied repeatedly to realize the desired number of kicks. In the Heisenberg picture, the evolution of angular momentum operator for any time step is given by [19] 
so that
Next, the kick Floquet unitary has to be applied on the above operator. The action of kick unitary is to bring about a clockwise rotation about the x axis by an angle of π/2 giving U †
The post-iteration transverse components of the angular momentum are thus,
2 ) + H.c and
For J z operator, the non-linear Floquet unitary brings about no change since it commutes with J z . The only evolution of J z is caused by π/2 rotation about x axis giving U † kick J z U kick = J y , so that
In the next section, we will study the classical limit of the kicked top.
Classical limit of kicked top
It is insightful to first look into the classical features of the kicked top in the semiclassical limit i.e., j → ∞. Expressing X = J x /j, Y = J y /j, and Z = J z /j, one obtains [X, Y ] = iZ/j, which vanishes in the large j limit.Under this classical limit, Eqs. 8 and 9 lead to the iterative map [19, 33] These components can be parametrized in terms of the polar coordinates (θ, φ) as X = sin θ cos φ, Y = sin θ sin φ, and Z = cos θ. As the value of the chaoticity parameter k increases, the phase-space undergoes a transition from a regular to a combination of regular and chaotic regions before becoming predominantly chaotic for large values of k. The classical phase space is shown for different values of k in Fig.2 . The trivial fixed points (θ, φ) = (π/2, 0) and (π/2, π) can be seen in Fig.2 (a) which becomes unstable at k = 2. At k = 2 new fixed points are born and they move away as k is increased as shown in Fig. 2(b) . For large value of k > 5 the phasespace becomes mostly chaotic as in Fig. 2 
(d).
In the following we return to the quantum case with a pair of NMR qubits.
III. QKT WITH A PAIR OF NMR QUBITS
Consider a pair of qubits with spin angular-momentum operators I 1 and I 2 respectively. By denoting the total zcomponent J z = I z1 + I z2 , we obtain the nonlinear term J 2 z = 1/4+1/4+2I z1 I z2 . Dropping identities which only introduce global phases, we may realize the nonlinear dynamics using the bilinear term, which naturally occurs in a pair of weakly coupled on-resonant heteronuclear NMR qubits. In a doubly rotating frame, the Hamiltonian is given by
where I is the indirect spin-spin interaction strength.
Comparing the above Hamiltonian with the second term of Eq. 1, we obtain k = 2πIτ .
In our experiments, the pair of qubits was formed by 19 F and 31 P spins of sodium fluorophosphate dissolved in D 2 O (5.3 mg in 600 µl). All experiments were performed on a 500 MHz Bruker NMR spectrometer at ambient temperatures and on-resonant conditions. The indirect spin-spin coupling I = 868 Hz. The experiments consisted of two parts, i.e., preparation of the initial state (θ 0 , φ 0 ), followed by simulating a QKT as illustrated in Fig. 1 .
In NMR systems, owing to the low nuclear polarization at an ambient temperature T and a typical Zeeman field B 0 , the initial thermal equilibrium state
is highly mixed with the low purity factor ∼ 10 −5 . The uniform background population represented by identity remains invariant under the unitary evolution, while the traceless deviation density matrixρ = I z1 + I z2 evolves and captures all the interesting dynamics.
In the following we utilize {|0 , |1 } eigenbasis of I z as the computational basis. We first prepare the |00 pseudopure state (PPS) by transformingρ into I z1 +I z2 + 2I z1 I z2 using a pair of pulses followed by a pulsed field gradient (PFG) as shown in Fig. III [34] .
Subsequently, a θ y rotation followed by a φ z rotation as shown in Fig. III initialize each of the qubits along a spin coherent state,
on the Bloch sphere, analogous to the classical case. The latter pulses for different φ angles were generated by an optimal control technique [35] . The resulting state is
We now apply kicks via radio-frequency (π/2) x pulses with Hamiltonian
where the pulse duration ∆ τ = k/(2πJ), the dura- tion of nonlinear evolution corresponding to the chaoticity parameter k (see Fig.1 ). Thus in our experiment,
We applied U QKT for up to n times and estimated the 19 F reduced density operator ρ n = Tr P U n QKT ρ θ,φ U n † QKT using single-qubit pure-phase QST. It consists of following three NMR experiments: (i) A PFG to destroy all the coherences followed by (π/2) y pulse to obtain the diagonal elements; (ii) (π/2) −y pulse followed by a PFG and (π/2) y pulse to obtain real part of off-diagonal coherence element; (iii) (π/2) −x pulse followed by PFG and (π/2) y pulse to obtain the imaginary part of the off-diagonal coherence element. This way one obtains a pure-phase NMR signal which can be easily quantified without any further numerical processing. We estimated the fidelity
of the experimental deviation stateρ n with the theoretical deviation stateρ th n for all initialization points (θ, φ) and for all k values. The average fidelity versus kick number displayed in Fig. 4 indicates high fidelities of above 0.95 upto six kicks and above 0.8 upto 8 kicks.
A. Probing quantum chaos via von Neumann entropy
It has been observed that a kicked top in a state corresponding to a classically chaotic region results in a higher entanglement production [19] . Since the degree of entanglement can be quantified by the von Neumann entropy
of the reduced density operator ρ n with eigenvalues λ ± = (1± α)/2 where ±α are eigenvalues of the traceless deviation part. Since in low purity conditions, the von Neumann entropy is close to unity and displays very low contrast between regular and chaotic regions, we define an n th -kick order parameter
which extracts information from the deviation part and hence is a convenient measure of chaos. We carried out four sets of experiments for chaoticity parameter k ∈ {0.5, 2.5, 2π − 2.5, 2π + 2.5}. In each case, we performed experimental QST and estimated the order parameter s n for the number n of kicks ranging from 1 to 8. The contours in Fig. 5 
For one kick at k = 0.5 we observe almost uniformly high order parameter s > 0.6, while for other k values, we observe similar patterns with a pair of highly ordered regular islands. Gradually, with larger number of kicks, the order parameter settles to a characteristic pattern that resembles the classical phase-space except for k = 2π + 2.5. Ultimately, we see domains of regular islands corresponding to high order parameter for all k values. As expected, we observe overall high order parameter for the lowest k value. On the other hand, for high k values, unlike the classical case which shows highly chaotic phase-space, in the quantum scenario, the regular islands survive. This is due to the periodicity of the order parameter w.r.t. chaoticity parameter, i.e., s(k) = s(mod(k, 2π)). This is evident from the similarity between the contours of column 2 and 4 in Fig. 5 as well as from the reflection symmetry between the columns 2 (or 4) and 3. The periodicity of entropy distribution as a function of chaoticity parameter k and the number of qubits has been theoretically studied in detail in [30] .
B. Husimi probability distribution
Although the von Neumann entropy captures the mixedness of the reduced density operator, it is not sensitive to its angular location on the Bloch sphere. The Husimi probability function measures overlap of the state ρ n at any time with Bloch vectors {|θ, φ } on the phase space and is given by
While states initialized to regular regions are expected to be localized at all times, those initialized at other regions explore more of the Bloch sphere. Higher the degree of chaos, more is the spreading of the state. The Husimi distributions for select values of k and initial states are shown in Fig. 6 . Here the mesh-grid lines represent the experimental distribution while the colour background represents the numerically simulated distribution. We see that the state |π/2, π for k = 0.5 which lies in the high order-parameter region is localized throughout the evolution time. On the other hand states initialized to lower order-parameter regions undergo periodic temporal modulations and thus exhibit significant delocalization over the Bloch sphere.
To capture the delocalization better, we tracked the dynamics of the first twenty maxima of the Husimi prob- ability distribution. As shown in Fig. 7 , the maxima region for k = 0.5 are localized after the evolution, whereas for higher values of k, the maxima regions spread out on the phase space. Interestingly, the mismatch between experiment and simulated data increases with increasing k, implying the sensitivity of the system dynamics to initial conditions and experimental imperfections.
C. Lyapunov exponents
The Lyapunov exponent is a measure of chaos that determines whether the trajectories of two initially very close points diverge or converge over time. In the classical phase space, the Euclidean distance is usually used as the distance measure. For nearby quantum initial states ρ m ) (see Eq. 15) to characterize the distance after m kicks. The discrete time Lyapunov exponent after n kicks is defined as
and its asymptotic limit lim n→∞ λ(n) being positive is considered as a witness for chaoticity. A system initialized in a regular region is characterized by a negative Laypunov exponent and therefore a pair of nearby trajectories ultimately converge. On the other hand, trajectories of a pair of nearby initial states corresponding to a positive Lyapunov exponent diverge over time, and hence lead to a chaotic behavior. Fig. 8 displays experimentally extracted Lyapunov exponents for certain pairs of nearby initial states after various number of kicks. For compari- son, we have also plotted simulated Lyapunov exponents for the corresponding classical as well as quantum dynamics for up to 1000 kicks which help us to evaluate the asymptotic behavior. The last 100 exponents in each case are zoomed in the insets. The discrete time Lyapunov exponents in Fig. 8(a) , which corresponds to the most ordered region, remain close to zero at all times, and slowly converge to a negative value. The means λ c and λ q of the last 100 classical and quantum exponents respectively, are also negative indicating the regular dynamics. Although Lyapunov exponents of Fig. 8 (b) and (c) show relatively large fluctuations, they too converge towards zero over larger number of kicks. It can seen that for Fig. 8(a) , (b), and (c), which correspond to regular regions (see Fig. 2 ), both classical and quantum exponents are predominantly negative and accordingly their respective means λ c and λ q also are negative. However, for Fig. 8(d) which corresponds to a chaotic region (see Fig. 2 ), both classical and quantum exponents are predominantly positive as reflected in their positive means.
IV. CONCLUSIONS
In this work, we have experimentally studied quantum signatures of classical chaos on a two-qubit NMR system using a kicked top model. We characterized the dynamics via three distinct ways:
(i) Correspondence to classical phase-space was studied using order-parameter profiles extracted from the von-Neumann entropy. These profiles not only showed a good correspondence with the classical phase-space for lower chaoticity parameters, but also showed the inherent periodicity and symmetry in the quantum dynamics for larger values of the chaoticity parameter. It is interesting to see such signatures in the NMR case where the quantum state purity is well below the threshold for entanglement.
(ii) The localization/delocalization of the quantum states on the Bloch sphere was characterized via Husimi probability distribution. They also showed temporal periodicity that is characteristic of the quantum system. We observed the localization of the profiles for low chaoticity conditions and significant delocalization otherwise. In addition, it also highlighted the sensitivity of the distribution to experimental imperfections particularly at higher values of chaoticity parameter.
(iii) Finally we characterized the asymptotic behavior of the nearby trajectories via Lyapunov exponents. The experimentally extracted discrete time exponents gradually decayed towards zero. However, those corresponding to highly periodic region settled to negative values clearly indicating non-chaotic behavior. The simulated exponents for large number of kicks could clearly distinguish the periodic region from the chaotic region.
The system considered here, being only two qubits, is deeply embedded in the quantum regime, but the marks of quantum chaos are nonetheless interesting. NMR testbed should facilitate the possibility of extending such studies with higher number of qubits. Further investigation of other quantum correlation measures such as discord, negativity, etc. will help better understand the bridge between chaos in classical and quantum systems.
